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Abstract
How much of the spatial distribution of economic activity today is determined by
history rather than by geographic fundamentals? How long should we expect temporary local shocks to persist in their effects on local economic concentration? When will
such shocks have permanent (i.e. path-dependent) consequences? This paper develops
a simple dynamic model of economic geography—with many heterogeneous locations
interacting through trade, migration, agglomeration externalities, and endogenous fertility—that delivers tractable answers to these questions. Our results highlight an
important distinction between agglomeration spillovers that endogenously affect productivity (or amenities) contemporaneously and those that do so with a lag.
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Introduction

Today’s urban and regional economists live in historic times. Urbanization increasingly
dominates economic life around the globe, and those who study the spatial issues that emerge
have never been more blessed with rich datasets and computational power. But we also live
in historical times—the hypothesis that there runs a strong causal thread from historical to
modern spatial conditions has never seen the level of empirical attention that it does today
(see Hanlon and Heblich, 2020 and Lin and Rauch, 2020 in this volume for reviews).
This interest in history is natural. Some of the most influential models of economic
geography are exactly those that emphasize dynamic behavior in which historical conditions
can matter a great deal. These dynamic phenomena could include genuine multiplicity,
where the model features indeterminate transitions from period to period. But even when
uniqueness holds, the model could display persistence, a long decay of temporary changes
in historical economic conditions, or even path dependence, where temporary changes in
historical conditions have permanent effects by causing an economy to gravitate towards
an alternative steady state. But these models have been sufficiently rich that explicitly
connecting them to empirical estimation and quantification has been a challenge in the
sorts of settings (featuring many interacting heterogeneous locations) that typically underpin
empirical work.
In this paper we offer a simple economic geography framework that can be used to aid
the empirical study of dynamic spatial phenomena such as multiplicity, persistence and path
dependence. We allow for an arbitrary number of locations, each of which experiences an unrestricted stream of changes to its exogenous locational characteristics (productivity, amenity
value, and spatial frictions). And we work with isoelastic functional forms that emphasize
key elasticity parameters that can be estimated in straightforward ways, despite the scope
for empirical complexity inherent to an environment with potential equilibrium multiplicity.
As we show, the estimated values of such elasticities allow one to assess—irrespective of
the underlying exogenous characteristics that may differ across space and time—the model’s
potential for spatial economic behavior to exhibit a range of dynamic features with rich
implications.
In doing so we draw heavily on our earlier work (Allen and Donaldson, 2020). In that
model, locations interact via trade (subject to trade costs) and via migration (again subject
to frictions), and locations exhibit potential agglomeration externalities in both production
and consumption. Crucially, these spillovers depend on both the contemporaneous size of
the location and also, potentially, the historical size in each location. A central theme of
our analysis, both previously and in the current paper, involves the distinct role played
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by these contemporaneous and historical spillover functions for determining multiplicity of
equilibria, persistence, and the multiplicity of stable steady states (which is necessary for path
dependence to arise). Our present analysis aims to offer a simplified version of this earlier
work—a “primer” for those beginning to study spatial persistence and path dependence.
To see the essence of the simplified model studied here, note that when locations interact
through both trade and migration, equilibria are described by a system of equations that
has a block structure, with each block arising from a particular source of cross-location
interaction. Our previous work had four such blocks, but the present paper reduces this to
one—a system describing the dynamics of the vector of population sizes in each location i
(contemporaneous population, {Lit }, as a function of lagged populations, {Li,t−1 }) and no
other additional endogenous variables.
Briefly, this reduction is achieved in two steps. First, we consider the special case in
which trade costs are absent and all locations produce a common homogeneous good. This
eliminates two of the four blocks (one deriving from a location’s exports, which determines
its nominal wage; and one deriving from its imports, which determines its cost of living).
Second, we introduce a form of endogenous fertility that (under special circumstances)
collapses the two remaining blocks to one. This works as follows. In standard models
of costly migration—including ours, in which an overlapping generations set of children are
born into a location of their parent’s choosing, but then get to choose their own location once
they become adults—locations possess two endogenous characteristics: their attractiveness
as destinations and their attractiveness as origins at which to be born. Solving for those two
characteristics entails two blocks. However, we introduce here a form of endogenous fertility
in which parents are more willing to have children if they expect those children to enjoy high
lifetime welfare. As a result, there is an offsetting tendency for locations with high origin
attractiveness to feature a low probability of any migrant leaving the origin but also more
migrants starting out there. Under a particular parameter condition these two forces exactly
balance, which removes cross-block interactions and hence allows the system to be written
as a single block (that we cast in terms of the endogenous population of each location).
Using this single-block system we emphasize a number of results:
1. Dynamic equilibria are unique and stable when total (i.e. production plus amenity)
contemporaneous spillovers are weaker than dispersion forces (the tendency for children
to feature idiosyncratic preferences for locations other than their birthplace).
2. In a particular partial equilibrium sense, rates of local persistence (an AR(1) process
that relates Lit to Li,t−1 ) are higher when either total contemporaneous spillovers are
large or total historical spillovers are large.
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3. In general equilibrium, rates of economy-wide persistence (an AR(1) process that relates the maximal element-wise change in the vector {Lit } to that of {Li,t−1 }) are larger
when the sum of total contemporaneous and historical spillovers is large.
4. Multiple stable steady states can (and are guaranteed to, for some geographies) arise
when the sum of total contemporaneous and historical spillovers is large.
Put together, these results imply that there exists a parameter region in which equilibria are
unique and stable, convergence occurs in partial equilibrium, and yet stable steady states
can be multiple and path dependence can arise. We provide a brief discussion of analogous
results in Allen and Donaldson (2020) that hold in more general environments, including ones
that: (i) relax our parameter restriction on fertility preferences; (ii) feature trade costs and
differentiated products; (iii) involve parents who live for multiple periods and are forwardlooking throughout their lifetime; and (iv) display agglomeration spillovers of more general
functional forms than our isoelastic baseline.
We conclude by discussing empirical strategies that can be used to estimate these parameters, as well as a sense of what common parameter estimates from the literature would
imply for the aforementioned results.
This work aims to contribute to several literatures. As mentioned above, we hope to extract theoretical insights that can resonate with the largely empirical literature—comprising
the work of not only urban and regional economists, but also the growing interest among
development, labor, macro-, and political economists, for example, in understanding the
importance of historical legacies—that has documented numerous forms of empirical persistence in spatial contexts. Prominent studies by, for example, Davis and Weinstein (2002,
2008), Banerjee and Iyer (2005), Glaeser and Gyourko (2005), Bosker, Brakman, Garretsen,
and Schramm (2007), Nunn (2008), Dell (2010), Redding, Sturm, and Wolf (2011), Bleakley
and Lin (2012, 2015), Voigtlander and Voth (2012), Kline and Moretti (2014), Glaeser, Kerr,
and Kerr (2015), Hanlon (2017), Hornbeck and Keniston (2017), Henderson, Squires, Storeygard, and Weil (2018), Michaels and Rauch (2018), and Lee and Lin (2018) have all shaped
our understanding of the myriad ways in which temporary historical shocks have (typically,
but not always) left long-lived traces on the intra-national, spatial organization of a modern
economy. The surveys in Kim and Margo, 2014, Nunn (2014), Hanlon and Heblich (2020),
Lin and Rauch (2020), and Voth (2020) collect and synthesize much of the evidence on such
historical persistence and path dependence.
Second, within the sphere of spatial modeling and quantification, our goal, both here
and in Allen and Donaldson (2020), has been to merge lessons from the richly dynamic,
but low-dimensional settings of pioneering economic geography models—for example, Krug3

man (1991), Matsuyama (1991), Rauch (1993), Fujita, Krugman, and Venables, 1999, Ottaviano (2001), and Ottaviano, Tabuchi, and Thisse (2002)—with the more data-driven, highdimensional, recent tradition of quantitative spatial modeling in both static settings—for
example, Roback (1982), Glaeser (2008), Allen and Arkolakis (2014), Ahlfeldt, Redding,
Sturm, and Wolf (2015), Redding and Rossi-Hansberg (2017)—and dynamic ones—for example, Desmet, Nagy, and Rossi-Hansberg (2018), Caliendo, Dvorkin, and Parro (2019),
Duranton and Puga (2019), Nagy (2020), and Liu, Redding, and Kleinman (2021).
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A simple model of economic geography dynamics

We begin here with a simple model but return to a discussion of certain extensions in Section
3.1. See also Allen and Donaldson (2020) for further discussion and details.

2.1

Setup

Consider a dynamic economic geography model featuring a finite number of locations, indexed by i, and time periods, indexed by t. Agents live for two periods, in an overlapping
generations sense. We refer to their first period of life as childhood and their second as
adulthood.
2.1.1

Production

Locations are endowed with the ability to produce (under competitive conditions) a nationally homogeneous and freely-traded good produced using local labor only, In particular, any
producer φ in location i at time t produces its output yit (φ) from its labor input lit (φ) according to the linear production function yit (φ) = Ait lit (φ). All producers charge the price
pit (φ) = 1 by our choice of numeraire. As such, the nominal (and real) wage in location is
given by wit = Ait .
All producers take their location’s productivity Ait as given. However, Ait is endogenously determined by potential spillovers from the presence of population in a location. In
P
particular, letting Lit ≡ φ lit (φ) denote the total local adult population in period t, we
model productivity as
2
Ait = Āit Lαit1 Lαi,t−1
,
(1)
where Āit represents an arbitrary but exogenous source of productivity. The parameter α1
captures potential (positive or negative) spillovers, whereby the total local population can

4

affect the productivity of any given producer.1 Such spillovers, often modeled with the use of
precisely such a functional form, are the purview of a large body of work in urban and regional
economics (see, for example, Duranton and Puga, 2004 and Redding and Rossi-Hansberg,
2017 for surveys). The representation of spillovers here is admittedly reduced-from, but one
that can stand in for a range of underlying mechanisms.2
Equation (1) also contains the parameter α2 as a way of allowing for lagged population
sizes in a location to potentially affect its current productivity. This is intended to capture—again, in a reduced-form manner—a range of reasons for investments that have been
made in the past to remain productive in the present. In Allen and Donaldson (2020) we
discuss a number of explicit microfoundations for the form seen in equation (1)—including
2
both its dependence on Lαit1 and Lαi,t−1
—that have appeared in prior work.3 As we shall see
below, the distinction between contemporaneous (governed by α1 ) and historical (by α2 ) agglomeration spillovers is crucial for the study of persistence and path dependence in a model
such as ours.
An implication of the model so far is that (log, inverse) labor demand in any location is
given by
(2)
ln wit = α1 ln Lit + α2 ln Li,t−1 + ln Ait .
Notably, in this model the labor demand elasticity will be positive whenever local (contemporaneous) productivity spillovers are positive. As we discuss further in Section 3.2, an
equation such as this is commonly used to estimate (contemporaneous) production spillovers,
α1 , and standard methods can be extended to obtain estimates of α2 via equation (2) as well.
2.1.2

Preferences

We turn now to the specification of utility and household decisions. Agents do all their work
and consumption during their adulthood time period, and all those residing in location i at
t share a systemic component of utility given by
1

Equation (1) suggests a form of local spillover whose scope may depend on the spatial scale in question.
We refer to the parameter α1 (and those analogous to it) as spillovers but it is important to note that not
all potential microfoundations for equation (1) would involve true agglomeration externalities. For example,
a natural reason to suspect α1 < 0 would derive from our omission of capital or land.
3
Briefly, such microfoundations could include: (i) a model (a la Deneckere and Judd, 1992) with innovating
firms that enjoy patent protection in period t, face competition without such protection in t + 1, and suffer
from product obsolescence in t + 2; or (ii) a model (a la Desmet and Rossi-Hansberg, 2014) of endogenous
innovation in which there are contemporary scale effects and spatial spillovers that occur with a lag. Richer
historical processes—for example, immobile capital that decays slowly over several periods—would require
equation (1) to be augmented to include further lags, such as Li,t−2 , etc. Such additional effects could
be incorporated into our analysis in a straightforward manner provided that they enter in an analogously
isoelastic form.
2
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Wit = wit uit ,

(3)

where uit denotes the amenity value of living in i. Recall that wit is the real (and nominal)
wage, so Wit reflects the amenity-adjusted real wage. The amenity component uit is itself
given as by
2
uit = ūit Lβit1 Lβi,t−1
,
(4)
which is hence analogous to the productivity case in equation (1). That is, ūit embodies
exogenous amenity features of location and time, and the second and third components
allow amenities to adjust endogenously to both the contemporaneous population (Lit ) and
the historical population (Li,t−1 ). Again, the elasticities β1 and β2 represent the strength of
(positive or negative) externalities in the contemporaneous and historical senses, respectively.
And again, Allen and Donaldson (2020) discusses a range of microfoundations for equation
(4).
In addition to the systematic component of utility, Wit , each adult also draws an idiosyncratic preference shifter for each location. This draw occurs at the start of adulthood, such
that a child born in location j in t − 1 will choose where to reside as an adult (that is, in
period t) after learning her idiosyncratic preferences for all locations. Finally, adults who
were born in j in t − 1 must pay a proportional utility cost in order to “move” to, and hence
reside throughout adulthood in, location i at time t. We denote such costs by µjit ≥ 1 and
leave them unspecified in what follows, though we note that a natural component of these
costs may include distance, transportation facilities, etc.
We further assume that agents’ idiosyncratic preferences for each location derive from
a multivariate Fréchet distribution with shape parameter θ > 1 and location-specific scale
parameters normalized to one without loss of generality. Following standard derivations, this
means that the probability that any child born in j at t − 1 will choose to live as in i as an
adult in t is
(Wit /µjit )θ
.
πjit = P
θ
(W
/µ
)
kt
jkt
k

(5)

It also proves useful below to define the numerator of equation (5) explicitly via
! θ1
Πjt ≡

X

(Wkt /µjkt )

θ

.

(6)

k

Indeed, Πjt is equal to the expected value of welfare, with the expectation taken across
idiosyncratic preference differences, for a child who is born in location j at time t − 1.
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We assume that there are a very large number of adults in each location such that
this probability is also well approximated by the actual share doing so. This implies that
inter-location population flows will be more responsive to differences in systematic utility
Wit over space when θ is larger (because this corresponds to less dispersion in idiosyncratic
preferences). Low values of θ act as a dispersion force in this model because they reduce the
extent to which adults seek out locations with greater systematic appeal.
2.1.3

Endogenous fertility

The final ingredient of the model is each adult’s decision about fertility. In Allen and
Donaldson (2020) we assumed that all adults had an exogenous number of children, but we
endogenize this decision here. Every adult in location j at time t − 1 decides on the number
of children lj,t−1 to raise. We model this in line with the canonical theory of endogenous
fertility, as expressed in, for example, Barro and Becker (1989). In particular, we assume
that parents desire to maximize a net benefits function Ξj,t−1 (lj,t−1 ), given by
1
λ
.
Ξj,t−1 ≡ max Πj,t lj,t−1 − cj,t−1 lj,t−1
lj,t−1
λ

(7)

This function posits both a perceived benefit (the first term) and a perceived cost (the second
term) that parents experience when they have lj,t−1 children. In particular, we assume that
the per-child benefits scale with Πj,t , the expected lifetime welfare of a child born in location
j at time t; further, we assume that the costs are determined by a child-rearing disutility
function that we assume is convex (i.e. λ > 1) for some exogenous constant cj,t−1 .4
It is important to note the extent to which agents have rational and forward-looking
behavior in this model. Each young adult makes his migration decision in a forward-looking
manner, and he fully understands the welfare Wit that he will achieve in equilibrium upon
choosing any destination i. The fact that adulthood lasts just one period means that this
young adult correctly understands that there is no need to evaluate payoffs beyond period
t. However, this young adult bases his location decision on the basis of where his own
consumption Wit will be highest, rather than on where the net benefits of child-rearing Ξit
may be highest. That is, parents in this model are selfish (since they do not forego their
own consumption for the sake of their future child’s consumption), even though when they
choose a fertility level they do incorporate the utility that they know their child will attain
4

Like Barro and Becker (1989), the program in equation (7) proposes that parents derive utility from the
complementarity between the utility that each child will themselves enjoy and the number of such children
the parent has. In practice, Barro and Becker (1989) assume that parental altruism is diminishing (rather
than linear in 7), whereas child-rearing costs are linear (rather than convex as in 7) but this alternative
amounts to a simple change in variables in (7).
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(via equation 7).
Returning to the parent’s fertility decision, equation (7) implies that the number of
children per adult born in location j will satisfy

lj,t−1 =

Πjt
cj,t−1

1
 λ−1

.

(8)

This means that the total number of adults migrating from j to i at the start of period t
will be Ljit = πjit × lj,t−1 × Lj,t−1 , which stems from the combination of endogenous fertility
lj,t−1 per adult at location j, the number of adults Lj,t−1 at location j, and the probability
πjit of an adult’s child deciding to move from j to i. Combining equations (5) and (8), and
imposing a scale normalization that is without loss of generality,5 we then have
1

−θ
θ
λ−1
Ljit = µ−θ
Lj,t−1 .
jit Wit (Πjt )

(9)

At this stage we are positioned to state the labor supply relationship that prevails in
each location and time period. Substituting equations (3) and (4) into (9), summing across
destinations, and rearranging yields the (inverse) labor supply equation
1
1
ln wit = ( − β1 ) ln Lit + (−β2 ) ln Li,t−1 − ln IM M Ait − ln uit
(10)
θ
θ
where IM M Ait refers to the “inward migration market access” of location i at time t, which
in turn is given by
!
X
1
−θ
λ−1
IM M Ait ≡
µ−θ
Lj,t−1 .
(11)
jit (Πjt )
j

Similarly to the labor demand case, the elasticity of labor supply can take either sign depending on the strength and sign of contemporaneous spillovers β1 . Equation (10) can form
the basis of parameter estimation that can be used to measure the strength of contemporaneous spillovers β1 (which, net of the dispersion effects from θ, govern the elasticity of labor
supply) as well as historical spillovers β2 . We return to this point in Section 3.2.
2.1.4

A simplifying parameter restriction

The presence of the expected welfare Πjt in expression (9) reflects two forces. The first,
governed by the elasticity −θ, reflects the (standard) tendency for location j to feature relatively less out-migration (to any given destination i) if the expected welfare of all migration
5

1

This normalization sets (cj,t−1 ) 1−λ = 1 for all locations j and time periods t. It is without loss because
location-specific child-rearing costs cj,t−1 are isomorphic in this model to location-specific amenities and
productivities.
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1
options from the perspective of location j is high. The second, governed by the elasticity λ−1
,
reflects the tendency for a location that offers high expected welfare to have higher fertility
and hence a greater number of potential out-migrants to any given i. These two channels
each add complex, but offsetting, general equilibrium features to a model that (as we shall
see below) already features important general equilibrium interactions across locations. So
in the spirit of simplicity we restrict attention in what follows to the special case in which
the preference parameters θ and λ satisfy the joint restriction that

1
= θ.
λ−1

(12)

Under this restriction, the Πjt term plays no further role in our analysis because its two potential roles in equation (9) exactly balance each other. Section 3.1 discusses the implications
of departing from the parameter restriction in equation (12).
We now use equation (9) to derive a simple expression for the dynamics of total adult
P
populations Lit in each location. Adding up mandates that Lit = j Ljit for each i and t,
which then implies (imposing the restriction 12)
Lit = Witθ

X

µ−θ
ijt Lj,t−1 .

(13)

j

This expression relates populations at t to those at t−1, but also depends on the endogenous
utility component Wit . However, equations (1)-(4) together imply that Wit can be written
as a function of population, via
2 +β2
Wit = Āit ūit Lαit1 +β1 Lαi,t−1
.

(14)

That is, the systematic component of welfare Wit enjoyed at any location is a function of
exogenous productivity and amenity components, Āit ūit , as well as an endogenous contribution from the contemporaneous population, driven by the net amount of contemporaneous
spillovers α1 + β1 , and a similar contribution from historical population governed by net
historical spillovers, α2 + β2 .
Using (14) to eliminate Wit in (13), we hence arrive at
!
1−θ(α1 +β1 )

Lit

= Āit ūit

θ

θ(α +β2 )

2
× Li,t−1

×

X

µ−θ
jit Lj,t−1

.

(15)

j

Equation (15) is the key equilibrium relation in this model. For any path of the exogenous

fundamentals Āit , ūit , µijt and any initial conditions {Li0 }, this equation relates the pop-

9

ulation in any location Lit in a period to the vector of populations {Lj,t−1 } in all locations
in the previous period.
What follows below consists entirely of exploring the equilibrium implications of this
system. We stress two features at this point. First, Lit on the left-hand side is raised to the
power of 1 − θ(α1 + β1 ), which reflects the joint role of contemporaneous net agglomeration
forces (given by the spillover parameters α1 + β1 ) and dispersion forces (given inversely by
θ). As we shall see, much rides on the question of whether agglomeration forces are low
enough, or dispersion forces are high enough, such that the combined agglomeration and
dispersion forces lie in the range where θ(α1 + β1 ) < 1. Second, historical populations turn
up in two respects: (i) through the direct effect of location i’s historical population on its
contemporaneous productivity (if α2 + β2 6= 0) and (ii) through the extent to which location
i can be reached via low migration costs from the distribution of historical populations in all
P
locations (the term j µ−θ
jit Lj,t−1 ). These two forms of historical dependence play distinct
roles, as we discuss below.

2.2

Qualitative implications

The simple dynamic model of Section 2.1 has a number of implications that we now explore.
These relate to qualitative features such as whether the model has unique (and stable)
equilibria, to the speed of convergence towards a steady state that can be expected, and to
the question of whether steady states will be unique.
Before considering such features in the full model, it is useful to define concepts in the context of a simple case. To that end, consider a generic two-location model whose endogenous
outcomes can be studied by tracking the share of total population in location “one” at time
t, which we denote by λt .6 Suppose this model’s dynamic system can be summarized by the

scalar mapping λt+1 = f (λt ; Āi,t+1 , {ūi,t+1 } , {µij,t+1 } , Θ), where Θ ≡ (α1 , α2 , β1 , β2 , θ).
This mapping is analogous to the dynamic vector system in equation (15). We suppress the
dependence of the mapping on exogenous components and parameters and write λt+1 = f (λt )
for short in what follows.
Figure 1 illustrates six possible forms that f (·) may take. First, panels (a) and (b)
demonstrate the matter of whether the model exhibits uniqueness of equilibria for any initial
condition λt , or not. This hinges on whether f (·) is a single-valued function—leading to
uniqueness for all λt , as in panel (a)—or a multi-valued function—leading to non-uniqueness,
6

In the model of Section 2.1, the economy’s total population is endogenous so it is not necessarily the
case that (holding fundamentals fixed) two equilibria with identical population shares will have the same
population level. The discussion surrounding Figure 1 abstracts from this further element of indeterminacy
but the general results in Propositions 1-3 do not.
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Figure 1: Uniqueness, Persistence, and Path Dependence
(a) Uniqueness

(b) Non-uniqueness

(c) Non-persistence

(d) Persistence

(e) Single steady state

(f) Path dependence

Notes: This figure provides example dynamic systems in a two location world to illustrate
the concepts of uniqueness, persistence, and path dependence. The distribution of the spatial
economy is summarized by the share of the world population in location 1 in time t, λt ∈ [0, 1];
the (possibly multivalued) function f defines the dynamic evolution of the economy, where
λt+1 = f (λt ). See the text for a detailed discussion.
11

as in panel (b). Proposition 1 below discusses this case.
Second, panels (c) and (d) describe the concept of persistence. In both cases, f (·) is
strictly upward-sloping and single-valued (so we have uniqueness), but with a slope less than
one and crossing the 45-degree line from above. This implies that there is a unique and stable
steady state, denoted λSS . In panel (c) the slope of f (·) is comparatively flat, indicating
very little persistence in this economy—that is, regardless of initial conditions λt , the system
will converge quickly to λSS . By contrast, in figure (d) the function f (·) has a slope that
approaches one from below, indicating a great deal of persistence. One would see a stark
trace of a shock to λt in this economy for many periods. Proposition 2 below discusses this
matter.
Finally, panels (e) and (f) illustrate the notion of path dependence that we emphasize in
this paper. Panel (e) shows an economy with a single stable steady state, whereas (f) shows
SS
SS
an economy with two stable steady states (λSS
A and λC ) and one unstable one (λB ). We
say that economy (f) could exhibit path dependence but that economy (e) could not. This
is because in the case of (e) the eventual steady state reached does not depend on initial
conditions λt —nor, on the “path” of values of λ that have occurred in the past as long as
f (·) is constant. By contrast, in panel (f) it is clear that if the economy were to start with
SS
SS
λt < λSS
B then it would eventually settle at λA ; similarly, if it started out with λt > λB
it would settle at λSS
C . This implies that a temporary shock to λt , if it were to move this
state variable across the boundary at λSS
B , would lead to a permanent change in the long-run
outcome of the system. That is, a necessary condition for path dependence to occur is that
steady states are multiple. Proposition 3 below describes conditions under which this can
(and cannot) arise in our model.
2.2.1

Uniqueness

Given the externalities embodied in equations (1) and (4), a natural question to ask is whether
the equilibrium of this dynamic economic geography model will be uniquely pinned down
by exogenous parameters. Given any initial population distribution {Li0 } and geography
{Āit > 0, ūit > 0, µijt ≥ 1}, and as long as θ (α1 + β1 ) 6= 1, equation (15) can be applied
iteratively from period t = 1 onward to determine the full evolution of the economy. As a
result, the following proposition is immediate:
Proposition 1. If θ (α1 + β1 ) 6= 1, then, for any initial population distribution {Li0 } and
geography {Āit > 0, ūit > 0, µijt > 0}, there exists a unique equilibrium.
To see the intuition behind this result, note that as θ (α1 + β1 ) approaches one from below,
Lit in equation (15) becomes infinitely large and infinitely responsive to the combination of
12

exogenous characteristics and predetermined populations on the right-hand side of (15). That
is, in such a scenario, all population would agglomerate around the location with the best
fundamentals. Yet the same argument could be made for other locations too. These extreme
equilibria of perfect specialization, sometimes referred to as “black hole” equilibria, are the
root of potential multiplicity in this model. If θ (α1 + β1 ) > 1, there also exists a unique
equilibrium, but it is one in which worse locations have greater populations so that their
larger agglomeration forces exactly offset their inferior geographic fundamentals. Because
such an equilibrium is inherently unstable (in the sense that any perturbation that moved
individuals from locations with inferior geographic fundamentals would be welfare-improving
for those individuals), in what follows we focus on parameter constellations that satisfy the
following condition:
θ (α1 + β1 ) < 1,
(16)
which guarantees the existence and uniqueness of a stable equilibrium.
Condition (16) depends, as is intuitive, on the conflict—anticipated above—between the
model’s dispersion and agglomeration forces that are at work contemporaneously. Dispersion
forces are strong when children have stronger desires to spread out from their birthplace
locations due to the idiosyncratic preferences (which scale inversely with θ). Contemporaneous agglomeration forces are governed, on net, simply by α1 + β1 , which can take any
sign. Recalling that θ > 1, we see that if net contemporaneous agglomeration forces are
negative (α1 + β1 < 0) then uniqueness is guaranteed. Otherwise, when agglomeration forces
are present (α1 + β1 > 0) the question of uniqueness and stability hinges on whether these
agglomeration spillovers are offset by dispersion forces (as condition 16 requires) or not.
A final important point about condition (16) is that it does not depend on historical
agglomeration forces, α2 or β2 . This is because forward-looking agents take all past values
of the state of their economy (summarized by the lagged population distribution, {Li,t−1 })
as given.
2.2.2

Persistence (in partial equilibrium)

Uniqueness, as discussed in Proposition 1, guarantees only that from a given set of exogenous
conditions the path of the model’s endogenous population flows and spatial agglomerations
can be pinned down with certainty. This of course says nothing about the nature of the
mapping from exogenous conditions to endogenous outcomes. We now explore this mapping
further.
We begin by examining a partial equilibrium notion of persistence in this model economy.
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Taking logs of equation (15) we have
ln Lit =

X

θ
1
θ (α2 + β2 )
ln Āit ūit +
ln Li,t−1 +
ln
µ−θ
jit Lj,t−1 ,
1 − θ (α1 + β1 )
1 − θ (α1 + β1 )
1 − θ (α1 + β1 )
j

(17)
which is of course a simple AR(1) process for the log of the population at each location i.
That is, the exogenous component of the autoregressive process is given by the first term,

reflecting ln Āit ūit . General equilibrium, cross-region interactions are governed by the third
term, which takes a migration “market access” form. The notion of partial equilibrium that
we use here consists of holding this market access term constant. This is a coherent exercise
in the case of a model with many small regions, such that the mechanical contribution of
location i to its own market access term is negligible. When this is the case, we can discuss
the effect on the current population of a ceteris paribus increase in the log population in the
previous period, ln (Li,t−1 ), captured by the second term of (17). Such an effect is then given
by the partial equilibrium AR(1) coefficient, ρP E , which we define as
ρP E ≡

θ (α2 + β2 )
.
1 − θ (α1 + β1 )

(18)

This coefficient will govern fully, at least in partial equilibrium, the persistence of the
population in any location i in this model economy.7 Interpreting this coefficient, it is helpful to begin by restricting attention to the case where condition (16) is satisfied and there
exists a unique stable equilibrium, which means that the denominator of expression (18) is
positive. However, we see immediately that, even in this uniqueness region, if contemporaneous spillovers were to increase, such that θ (α1 + β1 ) approached one from below, then ρP E
would grow without bound. That is, in a model with uniqueness, the closer the parameters
get to the non-uniqueness threshold of condition (16), the greater the persistence, all else
equal.
By contrast, the numerator of equation (18) emphasizes the role of α2 and β2 , the historical spillover parameter values. If the sum of these historical effects is positive, then ρP E will
also be positive. But again, the larger such spillovers become, the greater the persistence.
Indeed, there is nothing to rule out a scenario in which ρP E is actually larger than one,
which implies divergence of this partial equilibrium dynamics system. We note that such
7

In principal, one could imagine estimating the partial equilibrium peristence ρP E using a regression of
the form of equation (17). Such a procedure must contend not only with the need to suitably control for
the general equilibrium market access and potentially unobserved productivities and amenities highlighted
here, but also that (a) Lit and Lit−1 are negatively correlated in the presence of measurement error; and (b)
such a regression may have different interpretations in alternative frameworks (see e.g. Duranton and Puga
(2014)).
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divergence can be ruled out, in partial equilibrium, whenever ρP E < 1, or
θ (α1 + β1 + α2 + β2 ) < 1.

(19)

The key lesson from equation (18) is that persistence will be greater (even resulting in
divergence, if condition 19 is violated) whenever net contemporaneous spillovers (α1 +β1 ) are
large, whenever net historical spillovers (α2 + β2 ) are large, and whenever dispersion effects
(θ) are small.
2.2.3

Persistence (in general equilibrium)

We can extend the previous partial equilibrium logic into full general equilibrium by simply
incorporating an analysis of how the market access term in equation (15) itself evolves
endogenously. To consider the cases of 1 − θ (α1 + β1 ) ≶ 0 simultaneously, we define xit ≡
1−θ(α +β )
bit ≡
Lit 1 1 such that equation (15) can be written in proportional changes (defining x
xit /xi,t−1 ) as


x
bit = Āˆit ūˆit

θ

θ(α2 +β2 )
1−θ(α1 +β1 )

×x
bi,t−1

1


×

1−θ(α1 +β1 )
µ−θ
jit xj,t−2

X


1

P

j

1−θ(α1 +β1 )
−θ
j µji,t−1 xj,t−2


1
1−θ(α1 +β1 )
x
bj,t−1
.

We then define the maximum and minimum (across locations) proportional changes in xit
as Mt ≡ maxj x
bjt and mt ≡ minj x
bjt , respectively. Letting χt denote the ratio of these
maximum and minimum changes in xit we then have





maxj Āˆjt ūˆjt
θ
(α
+
β
)
1
2
2

+
+
ln χt−1 .
ln χt ≤ θ ln 
ˆ
1 − θ (α1 + β1 )
1 − θ (α1 + β1 )
ˆ
minj Ājt ūjt


(20)

This expression bounds the maximal differences in speeds of change over space, χt , as a
function of the maximal difference in speeds of change in productivities and amenities, and
the value of χt−1 in the previous period. It is akin to an AR(1) process for the variable
χt , but holding as a lower bound rather than an equality. The first term in equation (20)
comprises exogenous conditions that will introduce spatial churn, but holding this constant
the coefficient on ln χt−1 describes a bound on the speed of aggregate convergence in this
system. We summarize this result in the following proposition:
Proposition 2. Consider any initial population {Li0 } and time-invariant geography {Āi >
0, ūi > 0, µij > 0}. Suppose that θ (α1 + β1 ) < 1 so that from Proposition 1 the dynamic
15

equilibrium is unique. Further suppose that α2 + β2 > 0 so that historical spillovers are net
agglomerative. Then the following relationship holds:
ln χt ≤ ρGE ln χt−1 ,
where
ρGE ≡

(21)

1 + θ (α2 + β2 )
1 − θ (α1 + β1 )

is the general equilibrium AR(1) coefficient.
This result clarifies the conditions under which the model’s dynamic system is guaranteed
to display uniform convergence: where any temporary shocks anywhere in the system would
eventually die out, even in full general equilibrium.8 This occurs when ρGE < 1, or
θ (α1 + β1 + α2 + β2 ) < 0

(22)

holds, or (since θ > 0) whenever the model’s total net agglomeration forces (i.e. α1 + β1 +
α2 + β2 ) are non-positive. That is, on any dynamic transition path, it will always be the case
that the model economy is strictly converging in the global sense that the difference between
the rate of population change in the most rapidly changing location, relative to that in the
least rapidly changing location, is getting smaller with each time step.
As we might expect, the general equilibrium AR(1) coefficient is greater than the partial
equilibrium AR(1) coefficient, i.e. ρGE > ρP E . This means that the economy as a whole
may exhibit greater persistence, in the sense described above, than the (partial equilibrium)
evolution of the population in any given location.
These results offer guidance concerning when and where we should expect slow persistence in geographic economies. In settings that mimic the partial equilibrium assumptions
of Section 2.2.2—that is, where shocks to historical conditions in a location i have only
minimal bearing on the location’s own (relative) market access to other locations—speeds
of convergence are given by expression (18). However, in the more general case of regions
that interact in a meaningful way the expression in Proposition 2 becomes the place to turn.
Comparing the two expressions, one can see the hazards of partial equilibrium thinking, since
one could easily have a setting in which the partial equilibrium AR(1) coefficient is below
one, indicating convergence, and yet the general equilibrium AR(1) rate bound is larger than
8

We note that Proposition 2 is derived for time-invariant fundamentals such that the first term in (20)
is zero. It is therefore suitable for applications in which, from the vantage point of period t, there can be
an arbitrary path of changes in earlier fundamentals but such changes are temporary because the geography
is constant from period t onwards. Alternatively, an augmented version of Proposition 2 for ongoing shocks
could simply incorporate assumptions about the first term in (20).
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one, indicating the possibility of divergence. Such a tension could in principal be the source
of discrepancy across studies in the speeds of convergence estimated, since some studies may
approximate well the partial equilibrium ideal of Section 2.2.2 and others may not.
2.2.4

Path dependence

Finally, we turn to the concept of path dependence. As discussed above, we define this term,
as in prior work, as a concept entirely twinned with that of multiple steady states. That
is, a path-dependent effect of some temporary shock in the past occurs when the shock has
permanent effects on the outcome of the system. This is only possible if the shock caused
the economy to end up in a distinct steady state.
In order to discuss steady states and their potential multiplicity we consider the case
in which all exogenous conditions in the model are constant at some arbitrary values,

Āi > 0, ūi > 0, µij > 0 . Using this notation, and searching for constant values of the endogenous population variables Lit in equation (15), we find that steady-state equilibria will
satisfy the expression
1−θ(α1 +β1 +α2 +β2 )

Li

=

X

µ−θ
Āi ūi
ji

θ

Lj

j

P
for every location i. This is a particular example of the system of equations zi = j Kij zjγ
1−θ(α1 +β1 +α2 +β2 )
and γ ≡ 1/ (1 − θ (α1 + β1 + α2 + β2 ))), for which it is well
(where zi ≡ Li
known (see e.g. Karlin and Nirenberg (1967); Zabreyko, Koshelev, Krasnosel’skii, Mikhlin,
Rakovshchik, and Stetsenko (1975); Allen and Arkolakis (2014)) that there exists a unique
solution if |γ| < 1, resulting in the following proposition:

Proposition 3. For any time-invariant geography Āi > 0, ūi > 0, µij > 0 , there exists a
steady-state equilibrium and that equilibrium is unique if
1
< 1.
1 − θ (α1 + β1 + α2 + β2 )

(23)

Moreover, if instead 1−θ(α1 +β11 +α2 +β2 ) > 1, then there exist many geographies for which there
are multiple steady states at each geography.9

To interpret the condition in Proposition 3 it is useful to restrict attention to the case in
which net total agglomeration forces are not so extreme as to imply θ (α1 + β1 + α2 + β2 ) > 1.
9

In the case

1
1−θ(α1 +β1 +α2 +β2 )

= 1, there is at most one (up to scale distinct) steady-state equilibrium.
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This region also corresponds to that in which partial equilibrium convergence is guaranteed
as in equation (19). In such a case, the condition for unique steady states in Proposition 3
simplifies to the requirement that (since θ > 0) net total agglomeration forces are negative,
or
α1 + β1 + α2 + β2 < 0.

(24)

Three comments on this result are in order. First, as one might expect, the conditions
for a unique steady state in Proposition 3 are more demanding than those for a unique dynamic equilibrium in Proposition 1. Unique equilibria obtain when the net contemporaneous
spillovers α1 + β1 are small enough that α1 + β1 < 1/θ. Unique steady states arise when the
sum of both contemporaneous and historical externalities, α1 +β1 +α2 +β2 , is negative. This
makes intuitive sense because while historical spillovers do not per se affect the payoffs of
forward-looking agents who take the past as given, their strength does make it possible that
the history-driven attractions of a location, even though taken as given by every generation
of forward-looking migrants, are grounds enough for migrants to move there and this sort of
behavior can become a self-fulfilling resting-place for the economy.
Second, the condition for a unique steady state in equation (24) is the same as that
for uniform convergence in equation (22). This need not have been the case in general, as
there are dynamic systems which converge uniformly to one of several steady states and
dynamic systems with a unique steady state where convergence is not uniform. In this
dynamic system, however, that the total agglomeration forces are net dispersive is sufficient
to guarantee both a single steady state and that the economy will converge to that steady
state uniformly for all initial conditions.
Third, the goal of Proposition 3 is to state a sufficient condition that holds for any
exogenous features of the economy (its distribution of initial conditions and its geography).
Clearly this could not be a necessary condition under such generality. However, Proposition
3 does provide assurance that it is the weakest such general sufficient condition because there
do always exist geographical conditions under which steady states are indeed multiple when
condition (23) is violated.10
10

It is straightforward to find examples of multiplicity with as few as two locations when the condition of
Proposition 3 does not hold, see Karlin and Nirenberg (1967); Allen and Donaldson (2020) show there are a
continuum of such examples of multiplicity even in the presence of trade costs with as few as four locations.
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Figure 2: When should we expect historical persistence and path dependence?

Notes: This figure depicts the behavior of the equilibrium system as a function of the strength
of the contemporaneous spillovers (summarized by α1 + β1 ) on the x-axis and the strength of
the historical spillovers (summarized by α2 + β2 ) on the y-axis. See the text for a discussion
of each area of the parameter space.

2.3

Summary

Stepping back, we offer here a summary of the results of the previous section. These findings highlight the distinction between historical spillovers and contemporaneous spillovers.
To illustrate this, Figure 2 summarizes the results of the previous subsections in the twodimensional slice of the model’s parameter space described by the strength of contemporaneous (α1 + β1 ) on the x-axis and historical (α2 + β2 ) spillovers on the y-axis.
First, as per Proposition 1, multiplicity happens in this model only when contemporaneous spillovers α1 + β1 equal the dispersion parameter 1/θ. Second, when α1 + β1 > 1/θ,
equilibria are unique but unstable. We therefore think of a plausible range of parameter
values as one where contemporaneous spillovers may exist, but are not so strong as to exceed
the dispersion parameter—that is, where α1 + β1 < 1/θ. This is the region to the left of the
dashed vertical line in Figure 2.
Third, as per equation (18), in partial equilibrium settings the rate of population persistence will be shaped by the AR(1) parameter ρP E = (α2 + β2 )/[ 1θ − (α1 + β1 )], which hence
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combines the effect of historical spillovers α2 + β2 scaled up by the extent to which contemporaneous spillovers approach the stable/uniqueness threshold of α1 + β1 < 1/θ from below.
So we expect slower persistence whenever either contemporaneous or historical spillovers are
large. Fourth, while persistence in general equilibrium settings is more complicated, Proposition 2 shows how a particular system-wide AR(1) process is guaranteed to converge whenever
α1 + β1 + α2 + β2 < 0. That is, when total (contemporaneous plus historical) spillovers are
negative, the economy will exhibit uniform convergence. Combining these observations, the
region in purple in Figure 2 denotes that with general equilibrium convergence, whereas that
in green highlights the wider region in which only partial equilibrium convergence would be
guaranteed.
Finally, as per Proposition 3, this same condition guarantees the existence of a unique,
stable steady state; but when it fails the possibility of multiple steady states arises (and is
actually guaranteed to arise under a range of geographic conditions). This latter scenario
opens up the possibility of temporary events having permanent consequences if they happen
to tip the economy’s spatial orientation from one steady state to another—a case often
referred to as path dependence. Returning to Figure 2, this possibility arises in either the
blue or green regions.
Combining these observations, we see that a particularly rich and yet tractable set of
dynamic phenomena can occur in this model when contemporaneous spillovers α1 + β1 are
negative, and yet historical spillovers α2 + β2 are large enough that the sum of both sets of
spillovers α1 + β1 + α2 + β2 is positive. This would guarantee that the economy’s dynamic
equilibrium is unique and stable, and yet that convergence is not guaranteed to be uniform
and that multiple steady states may exist. An intriguing possibility within this space is
where the total spillovers also satisfy α1 + β1 + α2 + β2 < 1/θ, as in the green region of Figure
2. This parameter range would exhibit partial equilibrium convergence and yet could still
feature steady-state multiplicity and path dependence.

3

Extensions and empirical quantification

The model in Section 2 contained a number of simplifications—a particular restriction on
taste parameters, no trade costs, agents who are effectively myopic, and agglomeration
spillovers that were restricted to an isoelastic form. We begin in Section 3.1 by discussing
more realistic versions of each of these aspects of the model. Section 3.2 then outlines a
method that can be used to estimate the model’s parameters.
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3.1

Extensions to the simple model

Departing from parameter restriction (12)
Returning to the model of endogenous fertility in Section 2.1.3, suppose that the idiosyncratic
taste dispersion parameter θ and the child-rearing elasticity λ do not satisfy the restriction
1
= θ.11 This results in a system of two “blocks” of equations (with one equation for each
λ−1
of the N locations i and T time periods t) that needs to be solved for endogenous variables
in each period t (taking lagged values of these variables as given). In particular, this system
can be written as follows:
Lit Wit−θ =

X

1

−θ
λ−1
µ−θ
Lj,t−1 ,
jit (Πjt )

(25)

j

Πθit ≡

X

θ
µ−θ
ijt Wjt ,

(26)

j
1
2 +β2
= θ this collapses to the single block
and where, recall, Wit = Āit ūit Lαit1 +β1 Lαi,t−1
. When λ−1
of equations (i.e. equation 13); but otherwise there will be two interacting blocks, since the
block expressed by (25) contains the endogenous populations {Lit } and expected utility terms
{Πit }, as does the block expressed by (26).12 As detailed in Allen and Donaldson (2020), the
essence of the results in Section 2 continue to go through in this multi-block case, albeit in
a form that includes the more involved cross-block interactions. For example, the analogs of
Propositions 1 and 3 would now emphasize sufficient conditions involving λ, as well as θ, α1 ,
and β1 . And the general equilibrium notion of convergence expressed in Proposition 2 would
place a bound on the rate of convergence of a vector system of not just χLt , but also of χΠt
(i.e. the ratio of the maximum change in Πit across space to the minimum such change).
However, if we were to extend the notion of partial equilibrium discussed in Section 2.2.2 to
mean, in this extended case, that Πit is additionally held constant, then equation (18) would
continue to describe the rate of partial equilibrium convergence.

Costly trade and differentiated products
A second extension to the simple model of Section 2 would be to allow for locations that
make differentiated products that are potentially sold to any other location at a variable cost
τijt . One version of this is the case of Armington differentiation, in which adults have CES
11

This case is considered in Allen and Donaldson (2020), in which fertility is exogenous and hence λ → ∞.
Formally, one could consider equations (25) and (26), together with the expression Wit =
α1 +β1 α2 +β2
Li,t−1 , as representing a three-block system in the period t endogenous variables, {Lit }, {Πit },
Āit ūit Lit
and {Wit }. However, since the relation between Wit and Lit involves no interactions across regions it is a
trivial block, just as it was in the simplified model of Section 2.
12
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preferences (with elasticity of substitution σ > 1) over the goods produced in all locations,
though this has well-known microfoundations that are richer at the micro-level but equivalent
for our (aggregate) purposes. This introduces two complications. First, the nominal wage wit
at a location is now a function of not just the location’s productivity but also the endogenous
demand for this location’s product derived from consumption at all other locations. Second,
the cost of living (a CES price index that we denote by Pit ) now differs across locations
because of trade costs, and so the systematic component of utility—the amenity-adjusted
real wage—now satisfies Wit = uit wit /Pit . As Allen and Donaldson (2020) show, one way
to summarize the equilibrium (assuming goods market clearing and balanced trade every
period) co-determination of wit and Wit is via two additional blocks of equations, given by
1−α1 (σ−1)

witσ Lit

=

X

β (σ−1)

Kijt Ljt1

σ
Wjt1−σ wjt
Ljt ,

(27)

j
β (1−σ)

wit1−σ Lit1

Witσ−1 =

X

α (σ−1)

Kjit Ljt1

1−σ
wjt
,

(28)

j
−1 −α2 −β2 1−σ
where Kijt ≡ (τijt Ā−1
. Equations (25) and (26) continue to hold, despite
it ūjt Li,t−1 Lj,t−1 )
the introduction of trade costs, so the model becomes a four-block system. However, under
the additional restriction that trade costs are symmetric (i.e. τijt = τjit holds for all locations
and time periods), as may be plausible in some applications, blocks (27) and (28) collapse
into one (e.g. the dependence on nominal wages wit can be eliminated). Allen and Donaldson
(2020) report analogous results to Propositions 1-3 for this extended model, as a function
of σ, θ, and the spillover parameters.13 Unlike the single block system of equations above,
with multiple blocks, uniqueness conditions now depend on the spectral radius of a matrix of
coefficients, where the size of the matrix corresponds to the number of blocks in the system.

Forward-looking behavior
The model in Section 2 features agents who make their location decisions in adulthood,
but where adulthood lasts, by assumption, just one period. They therefore have no reason
to be forward-looking. However, in Allen and Donaldson (2020) we describe an extension
to this setup in which adults live forever—from their birth period until the economy’s end
after a finite number, T , of periods—and are fully forward-looking throughout that lifetime.
This amounts to (following microfoundations outlined in, for example, Artuç, Chaudhuri,
and McLaren, 2010, Caliendo, Dvorkin, and Parro, 2019, and Balboni, 2019) replacing the
dependence of migration decisions on the single-period payoff Wit in equation (5) with a
13

Allen and Donaldson (2020) consider the case of exogenous fertility, but introducing finite λ (as in the
model of Section 2) would modify the conditions stated in that paper in a straightforward manner.
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forward-looking version Vit , defined as the value of (remaining) life when based in location i
at time t. In particular, Vit in this extended model is given by
Vit = Wit Πδi,t+1 ,

(29)

which combines the period payoff Wit in t with the expected value, discounted by δ < 1, of
starting out in i at the beginning of period t + 1. Technically, this introduces dependencies
across “blocks” of equations defined by their time periods—so this introduces T additional
blocks. But since the dependencies across blocks are limited in nature (the t block only in
29 interacts with the t + 1 block only via the dependence on Πi,t+1 , not any other variable in
t + 1 or any other variable in periods more than one ahead), tractability is preserved. As is
intuitive, the result of this addition is that raising δ (from zero, the value it implicitly takes
in Section 2) will shift inwards both the purple and blue regions of Figure 2; intuitively, this
shift inward arises from the fact that different expectations of future spatial configurations
can become self-fulfilling, despite weaker spillovers, if future periods matter more to the
agents in the model (a force highlighted by e.g. Krugman, 1991 and Matsuyama, 1991).
Spillovers with varying elasticities
A final extension that we consider involves the possibility that agglomeration spillovers in
production and/or consumption do not take the isoelastic forms suggested in equations (1)
and (4). This is potentially important for several reasons. First, the above functional form
assumptions are clearly restrictive and it is valuable to understand what happens under
alternative scenarios. Second, a long tradition in urban modeling considers cities whose
size is finite because increasing returns to scale in local production are eventually overcome
by increasing congestion externalities—unlike in our model where these two elasticities are
constant and locational sizes are typically interior (even with α1 + β1 > 0) because of the
dispersion force of preference heterogeneity (captured by θ).
To consider the case of varying elasticities, suppose for simplicity that α2 = 0, and
amend equation (1) such that it takes the generalized form of Ait = Āit fi (Lit ). Notably,
the function fi (·) is now not only unrestricted but is also free to vary in arbitrary ways
across locations. Applying the tools in Allen, Arkolakis, and Li (2020) one can show that
the results in Section 2 go through if we replace their dependence on the elasticity α1 with,
instead, ᾱ1 ≡ maxi,Lit d lnd lnfiL(Litit ) . That is, for example, the sufficient condition for uniqueness
of steady states in Proposition 1 involves the maximum value that production elasticities can
take (across all locations and all possible levels of production). This basic principle applies
to our full baseline model as well as to the extensions of it discussed above.
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3.2

Empirical quantification

What the results summarized in Figure 2 highlight is that in order to assess the possibilities
of uniqueness, of slow persistence (in both the partial and general equilibrium senses), and
of multiple steady states and hence the possibility of path dependence, one needs to know
the strength of contemporaneous (α1 , β1 ) and historical (α2 , β2 ) spillovers separately. While
the contemporaneous spillovers (especially α1 ) have been the focus of a large literature (Duranton and Puga, 2004; Combes and Gobillon, 2015; Rosenthal and Strange, 2004), much
less attention has been devoted to the historical spillovers (α2 and β2 ), especially over the
sort of time lag (a generation) that is natural in the model above.
We briefly describe here a simple method—an extension of the Rosen-Roback spatial
equilibrium estimation tradition (Rosen, 1979; Roback, 1982; Glaeser, 2008)—that can be
used to estimate these parameters. As anticipated, this draws on the (inverse) labor demand
and supply equations (2) and (10), which we repeat here for convenience:

ln wit = α1 ln Lit + α2 ln Li,t−1 + ln Ait ,
1
1
ln wit =( − β1 ) ln Lit + (−β2 ) ln Li,t−1 + ln IM M Ait − ln uit .
θ
θ

(30)
(31)

Starting with equation (30), we think of this as an estimating equation in which appropriate data on wit , Lit , and Li,t−1 are available for a group of locations i and in at least one time
period t. However, the productivity term Ait is unobserved. Because prices and quantities
are co-determined in the system of equations (30) and (31), simultaneity bias would generically afflict OLS estimates of α1 (and hence, generically, α2 as well) even if the error term
(comprising Ait ) were purely exogenous. The standard solution is to seek an instrumental
variable (IV) that enters equation (31) but is excluded from (30). One natural source of
such IVs would consist of observed locational characteristics that plausibly affect amenities
uit but not productivity Ait .14 But other options can derive from observable components
of migration frictions µijt in location i and/or elsewhere, and both contemporaneous and
lagged values of productivity and amenities in locations other than i. Finally, an analogous
discussion applies to the supply equation (31), where uit is unobserved and where observed
components of contemporaneous productivity shifters Ait can serve, in principle, as valid instruments. One distinction in this case, however, is that migration market access ln IM M Ait
14

One important caveat with such an approach is that the attraction of more workers to high amenity
places may increase land prices, potentially causing firms to substitute toward labor and away from land
in production, thereby affecting labor productivity; see Combes and Gobillon (2015) for a discussion and
potential remedies.
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must be controlled for, though doing so offers the possibility of identifying θ, as is necessary
to identify β1 from the coefficient on ln Lit .15 Another approach to estimating θ would draw
on the bilateral migration equation (5).
We are unaware of attempts to estimate equations (30) and (31) in the forms given here.
However, an important literature—surveyed in Rosenthal and Strange (2004) and Combes
and Gobillon (2015)—has devoted much attention to the estimation of production spillovers,
where a typical range of estimates might span 0.03-0.08. Such estimates would correspond
to α1 in cases where Li,t−1 is either controlled for or orthogonal to Lit , but they would
correspond to α1 + α2 in cases where an economy is approximately in steady state (and
hence no opportunities to isolate separate effects of Lit and Li,t−1 are available). Regarding
the amenity spillovers, β1 might be thought to stand in—admittedly, in a highly reduced-form
manner—for the effects of un-modeled immobile local goods that are in fixed supply (such
as land). Under this interpretation one would expect a negative value for β1 . The parameter
β2 , however, would then be positive if investments in local un-modeled factors made in
the past are still durable a generation later. Finally, regarding θ, one recent intra-national
estimate of such a migration elasticity parameter (though admittedly not necessarily of the
inter-generational sort in the model here) is that from Monte, Redding, and Rossi-Hansberg
(2018), who obtain θ = 3.30.16
These values provide a back-of-the-envelope sense for where we could expect estimated
versions of typical economies to lie in Figure 2. For example, suppose that: (i) estimates of
productivity spillovers take the value of 0.08 and this corresponds to the value of α1 + α2 (i.e.
is estimated from economies that are close to steady state); (ii) contemporaneous amenity
spillovers derive from un-modeled housing, which accounts for about one-third of expenditure
(and hence to the value β1 = −0.33); and (iii) historical amenity spillovers also derive from
such housing, which is approximately fully durable over a generation (so β2 = 0.33). At
these hypothetical parameter values we have α1 + α2 + β1 + β2 > 0. If we further believe
that contemporaneous and historical productivity spillovers are both non-negative (or simply
that contemporaneous spillovers are bounded by α1 < 0.41) then we can expect the model
economy to lie in the green region of Figure 2—with partial equilibrium convergence but the
scope for possible path dependence—as long as θ takes any value below 12.5.
15

Allen and Donaldson (2020) provides further discussion concerning strategies for controlling for migration
market access.
16
A closely related literature estimates the speed of adjustment of location-specific labor supply (including
via migration) to local wage changes (as well as changes in local housing prices and unemployment rates).
See, for example, Topel (1986), Blanchard and Katz (1992), or Beaudry, Green, and Sand (2014).
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4

Concluding remarks

Our goal in this paper has been to offer a simple take on the complicated dynamic phenomena
that can arise in economic geography models—often these models’ very raison d’être—yet
to do so in settings that feature enough spatial granularity, heterogeneity and frictions that
they could form the basis for empirical quantification. We have taken several shortcuts along
the way, assuming, inter alia: free trade in a homogeneous good, a particular relationship
between preferences for locational diversity and preferences for child-rearing, and a particular
form of myopia in dynastic planning. However, the benefit of these restrictions is that a guide
to the system’s properties is summarized by three parameters (as in Figure 2): equilibria
are unique and stable when contemporaneous spillovers are weaker than dispersion forces;
convergence occurs when the sum of both contemporaneous and historical spillovers is weaker
than dispersion forces (in partial equilibrium) and weaker than zero (in general equilibrium);
and the multiplicity of steady states that is at the root of path dependence can (and often
will) arise when the sum of all spillovers is positive. The extended tools described in Allen and
Donaldson (2020) provide ways to obtain analogous results while relaxing these restrictions.
Our focus here has been on the positive dynamic properties of spatial models. Turning to
normative properties, it is certainly expected, given heterogeneity in locational fundamentals,
that when steady states are multiple they generate different levels of aggregate welfare.
However, it also seems likely that exactly the settings where fundamental heterogeneity is
large (and hence aggregate welfare could differ most across steady states) are those for which
such heterogeneity shuts down the possibility of multiple steady states in the first place;
indeed, Lee and Lin (2018) document precisely such a phenomenon in the neighborhoods
of US cities. Such an intuition is an expression of Rauch’s (1993) question—“Does history
matter only when it matters little?”—which strikes us as one of the most important open
questions in historical urban and regional economics.
Our earlier work (Allen and Donaldson, 2020) provides one window into this question by
deriving bounds on the welfare gaps that could exist across all possible steady states in a
given setting in order to delimit the possibilities, as well as simulations in which relatively
minor spatial perturbations do lead to large aggregate welfare consequences. The findings of
Michaels and Rauch (2018) also highlight a setting where a region’s historically-driven city
configuration becomes substantially suboptimal ex-post relative to a counterfactual region
that had opportunities (over many centuries) to start from (relative) scratch. But a full
understanding of when and where spatial persistence and path dependence are consequential—as well as the policy implications that would naturally follow—is a central goal for the
historical work of the future.
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